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Abstract 

We propose a non simply-laced version for cluster structures on additive Krull-Schmidt categories over 
arbitrary commutative base field. Starting from the work of Buan-Iyama-Reiten-Scott, it turns out that, 
under the same weaker assumption as in the simply-laced case, the generalized version of cluster structure 
holds for 2-Calabi-Yau or stably 2-Calabi-Yau categories. As a direct consequence, we can use the so-called 
cluster maps to realize in a direct way a large class of non simply-laced cluster algebras of geometric type 
with coefficients associated with rectangular matrices whose principal parts are skew symmetrizable. 



Keywords: cluster structure, modulated quivers, Calabi-Yau category, cluster algebra 



1. Introduction 



o 

H 

The theory of cluster algebras, introduced by Fomin and Zelevinsky in [1], and further developed in 
a series a papers (for example [2, 3, 4] ...), appears to have interesting connections with many parts of 
algebras and other branches of Mathematics. In the representation theory of algebras, the philosophy has 
been to provide a representation or a categorical theoretic interpretation of the main combinatorics, called 
i— —i mutation of seeds, used to define cluster algebras, where a seed in a cluster algebra consists of two non- 

overlapping sets one of which is called cluster while the other one is called the coefficient set, together 
with some rectangular matrix of integers whose principal part is skew symmetrizable. The first categorical 
j — model of the combinatorics of cluster algebras was given by cluster categories which were first introduced by 

£ — . Buan-Marsh-Reineke-Reiten-Todorov [5] (and in [6] for A„ case by Caldero-Chapoton-Schiffler), and which 

are now shown to be triangulated 2-Calabi-Yau categories by Keller [7]. In [8] the module category mod A 
of a preprojective algebra A associated to a simply-laced Dynkin quiver, which turns out to be exact stably 
2-Calabi-Yau, is also used for a similar purpose. Both cluster categories and module categories mod A for 
preprojective algebras A associated to (simply-laced) Dynkin quivers contain some special objects called 
cluster tilting objects which are analogs of clusters. It turns out that, 2-Calabi-Yau categories and related 
categories appear as a natural framework in which one can model and study many aspects of cluster algebras, 
with this in mind, cluster structures and substructures were introduced and studied by Buan-Iyama-Reiten- 
Scott [9] for 2-Calabi-Yau (or stably 2-Calabi-Yau) categories over algebraically closed fields. 

However, most of the important connections and results which had been obtained between cluster al- 
gebras and representation theory of algebras were restricted to the simply-laced case which corresponds 
to cluster algebras associated with skew symmetric matrices and to the use of quiver representations. For 
the general case one should consider skew symmetrizable matrices, and in order to model this case inside 
the representation theory of algebras, we must consider 2-Calabi-Yau categories over non-necessarily alge- 
braically closed fields, and hence work directly with representations of modulated quivers (or with species) 
instead of representations of (ordinary) quivers. Some alternative non simply-laced approach to clusters has 
been the use of folding technic to pass from quivers to valued quivers, see [10, 11, 12]. 
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In this paper and in some of our undergoing and related work, we are suggesting the use of representation 
theory of modulated quivers as a non simply-laced approach to further investigate what is still missing for 
cluster tilting theory inside the framework of Calabi-Yau categories over non algebraically closed base field, 
as well as previously obtained connections between the theory of cluster algebras and that of representation 
theory of algebras. 

Our main purpose in this paper is rather modest: using modulated quivers we begin the study of a 
straightforward non simply-laced approach to cluster structure for 2-Calabi-Yau (or stably 2-Calabi-Yau) 
categories over non necessarily algebraically closed fields. We then follow [9] and establish the existence of 
a non simply-laced version of cluster structure under the assumption of a weak cluster structure. The main 
result of this paper (Theorem 5.2 and Theorem 5.3) serves as a starting point to further generalize many 
simply-laced connections between cluster algebras and representation theory. As a direct consequence of the 
main result (Theorem 6.1), we generalize to the case of non simply-laced cluster algebras associated with 
skew symmetrizable matrices a result of Buan-Iyama-Reiten-Scott realizing simply-laced cluster algebras 
of geometric type associated with skew symmetric matrices, with coefficients and allowing possibly infinite 
clusters. 

Motivated by the present successful non simply-laced generalization for cluster structures, in some of our 
undergoing work ([13]) we introduce a notion of potential for modulated quivers and generalize the mutation 
of quivers with potentials to the mutation of modulated quivers with potentials, and then construct a non 
simply-laced version of the cluster category associated with a modulated quiver with potential (in the non- 
acyclic case). The simply-laced version of the cluster category associated to a quiver with potential was 
obtained by Amiot in [14] and then used by Keller in [15] to completely solve the simply-laced version of 
the periodicity conjecture. Then it is of great interest to further develop a non-simply laced approach to 
the cluster tilting theory inside the framework of Calabi-Yau categories over non necessarily algebraically 
closed base field. As already mentioned above, preprojective algebras associated with simply-laced Dynkin 
quivers provide good examples of stably 2-Calabi-Yau categories in which some non-acyclic cluster algebras 
are modeled. As noticed in the appendix to this paper, preprojective algebra associated with modulated 
graphs are not well understood (even in the Dynkin case), apart from the introductory work of Dlab-Ringel 
[16] (1980). 

We are indebted to Iyama for his comments about 2-Calabi-Yau condition and about trace maps which 
are the key tools for the non-simply laced version of cluster structure. 

2. Some preliminaries 

Let A be any additive category and Ah = ModZ be the category of abelian groups. We write A(X,Y) 
or Horn/i(X, Y) for the abelian group of all morphisms in A from X to Y, and for any objects X, Y, Z in A, 
the composition of two morphisms / € A(X, Y) and g 6 A(Y, Z) is the element of A(X, Z) written as g o / 
or gf. The additive category A is called Krull- Schmidt if it satisfies the Remak-Krull-Schmidt-Azumaya 
theorem: the endomorphism ring of each indecomposable objet in A is local (or equivalently, idempotents 
split in A is the sense that, any endomorphism e 6 A(X, X) such that e 2 — e factorizes as e = rs where s 
is a section and r is a retraction), and each objet in A decomposes as a finite direct sum of indecomposable 
objects (the decomposition being therefore unique up to isomorphism and up to the order of terms). We 
always denote by ind A the isoclass of indecomposable objects in A, and we view ind.A as a subset of obj(.A). 

The (Jacobson) radical of an additive category A is the sub-bifunctor J — J A = rad/i of the bifunctor 
Horn = A(-,-) : A° x A *Ab defined on each pair of objects X, Y E obj(.A) as follows: 

J (A, Y)= {/ e A(X, Y) : Vg E A(Y, X), t x — gf is invertible.} 
= {f E A(X, Y) : \/g E A{Y, X), t Y — fg is invertible.} 

We know that J is a two-sided ideal of A and we will refer to elements of J as radical maps. N standing 
for the set of integers (with zero), the powers J™, with n running over N, are the ideals of A defined by 
induction on n as follows: J° = A(-,-) — Horn, J 1 = J, and for n > 2 and for any two objects X, Y in A, 
J™ (A, Y) consists of compositions v-u with u E J"(A, Y 7 ) and v E 3(Y',Y) for some object Y' in A. We 
need the following easy observations in Krull-Schmidt categories. 
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Lemma 2.1. If A is Krull- Schmidt, then the following assertions hold. 

(a) For any morphism u between two indecomposable objects in A, u is a section if and only if u is an 
isomorphism, if and only if u is a retraction. 

(b) Let E = © Ei be a biproduct endowed with a family (p { , ?j)i<j<„ of corresponding canonical projec- 

l<i<n — — 

"/l" 

; : X >E et g = [ai,-->g-n] : E >Y be two morphisms. Then f 

L/nJ 

is a section if and only there is some i such that f i = p { f is a section. Dually, g is retraction if and 
only there is some i such that g i = gq i is a retraction. □ 



Hons and injections, let f = 



We also need the following easy properties of radical maps in Krull-Schmidt categories. 
Lemma 2.2. Suppose A is Krull-Schmidt. 

(a) Let f : X >E be any morphism whose source X is indecomposable, then the following assertions 

are equivalent: 

(i) / is not a section. 

(ii) ImHonut/.X) C J(X,X). 

(iii) / is a radical map. 

(b) Let g : E >Y be any morphism whose target X is indecomposable, then the following assertions 

are equivalent: 

(i) g is not a retraction. 

(ii) ImHonu(Y;p) C J(Y,Y). 

(iii) g is a radical map. □ 

For every X, Y E ind.A, the bimodule of irreducible maps from X to Y is ln(X, Y) := J(X, Y)/J 2 (X, Y). 
Thus if A is a Krull-Schmidt k-category for a field k, then k x = End(X)fradEnd(X) = A(X, X)/3 (X, X) is a 
division k-algebra for each X 6 ind^L, and Irr(X, Y) is a k^-ky-bimodule for each pair X, Y 6 ind^l, where 
A° is the opposite algebra of an algebra A. If additionally all the bimodules Irr(X, Y) are finite dimensional, 
then the valued quiver Qyi of the category A is described as follows: 

> the set of points is given by (Q^o = ind.A and, for each pair of points x, y € (Qa)o> the (fully) valued arrow 

Q = &x,y representing the set (Qa)i(x, y) of all valued arrows from x to y is given by a. x y : x "' - x y > y 
with x d y = x dy = dim kH (Irr(a;,y)) and x d y ' := y d x = dim kx (Irr(a;, y)). 

It is understood that any zero-valued arrow is not counted among the (true) arrows of Q. For a general 
definition of valued quivers, see Definition 4.4. We can also associated to A its modulated quiver Qj\ whose 
underlying valued quiver is Qjt, this will be done after Definition 3.3 about dualizing pairs of bimodules. 

3. Minimal approximation sequences, connecting r-sequences 

We need some background material about special sequences that we introduce and give some properties. 

Definition 3.1. Let / : X >Y be a morphism in some additive category A. Then / is called right 

minimal if / has no zero direct summand of the form U *0 with U ^ 0. Dually, / is called left minimal 

if / has no zero direct summand of the form *U with U ^ 0. 
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Let's say that an additive category A has the finite direct sum decomposition property if for every objet 
X in A there exists an integer mx > such that any non-trivial direct sum decomposition of X is finite 
and bounded by mx ■ Thus, Krull-Schmidt categories as well as Horn-finite categories have the finite direct 
sum decomposition property. 

Lemma 3.1. Assume A is any additive category over some commutative ring with finite direct sum de- 
composition property. Then for any morphism f : X *Y in A there are direct sum decompositions 

X = X' © X" and Y = Y± © 5*2 together with a corresponding commutative diagram 




x' © x" -^y 

[/' o] 

such that /' : X' >Y is right minimal and fi : X >Y\ is left minimal. 

Proof. Let / : X *Y be any morphism in A, by assumption on A we let mx be the maximal length 

of non-trivial direct sum decompositions of X. Now if / is not right minimal, then there must exist a 

direct sum decomposition X = X' @X" relatively to which / = [/' o] : X' © X" >Y. But we must have 

mx 1 < mx, thus by induction on mx, there is a decomposition as above in which /' is right minimal. With 
a similar argument, / is the direct sum of a left minimal map and a zero map as required. □ 

In the next proposition whose proof is not difficult and is omitted for the sake of briefness, the equivalence 
of (1) and (4) shows that for Krull-Schmidt categories Definition 3.1 is equivalent to the usual stronger version 
used in module categories. 

Proposition 3.2. Let f : X *Y be a morphism in a krull-Schmidt category A. 

(a) The following assertions are equivalent. 

(1) / is right minimal. 

(2) Any section s : X' >X such that fs = must be zero; and for any section s : X' >X the 

map fs is right minimal as well as any direct summand of f. 

(3) Any morphism h : Z >X such that fh — must be a radical map. 

(4) Any endomorphism h : X >X such that fh — h is an automorphism. 

(b) The following assertions are equivalent. 

(1) f is left minimal. 

(2) Any retraction r : Y *Y" such that rf — must be zero; and for any retraction r : Y *Y' 

the map rf is left minimal as well as any direct summand of f. 

(3) Any morphism h : Y *-Z such that hf = Q must be a radical map. 

(4) Any endomorphism h : Y *Y such that hf — h is an automorphism. 

Let M. be any full subcategory of a category A, X an object in A. A map / : E >X is called a right 

f— 

M. -approximation if E G M. and for any object Z in M. the sequence A(Z, E)— — >A(Z, X) >-0 is exact. A 

right A'l-approximation / is called minimal if additionally / is right minimal. The dual notion of (minimal) 
left M.-approximation may also be defined. A sequence (£) : X — -^>Z — ^—>Y is called pseudo-exact if / is a 
pseudo-kernel of g and g is a pseudo-cokernel of /, or equivalently the sequences 

A(M, X)^+A(M, Z)-^»A{M, Y), A{Y, M)^+A(Z, M)-^*A(X, M), 
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are exact in Ah for every object M in A. We said that (£) is a minimal sequence if it is a pseudo-exact 
sequence with / left minimal and g right minimal; similarly, (£) is called a minimal M.- approximation 
sequence if additionally / is a minimal left .M-approximation and g is a minimal right .M-approximation. 
In the same way, if A is a triangulated category then a minimal triangle (or a minimal M- approximation 
triangle) is any triangle (£) : X — —*-Z — — [1] such that the subsequence X — *—*-Z — ^—*Y is minimal 
(or is a minimal Ai-approximation sequence). We need the following preliminary result whose proof follows 
directly from five-lemma in abelian categories together with the use of axioms Trl, Tr2 and Tr3 of triangulated 
categories [17]. 

Lemma 3.3. The following assertions hold in any triangulated category A. 

Z — ^->-X[l] splits if and only if w = 0, if and only if v is a retraction, if and 



(a) A triangle X—^Y—^Z 
only if u is a section. 

(b) The translation functor (the shift) preserves arbitrary products and coproducts (direct sums). The 
direct sum as well as the product of any family of triangles are still triangles. 

(c) Suppose the diagram below is a morphism of triangles and H is an homological (or a co-homological) 
functor from A to Ah. 



'I h \ 



/[I] 



X' *Y' >Z' >X'[1] 

U V w 

For each n G Z, if H n / and H n g are isomorphisms then so is H n h. In particular if H/ and Hg are 
isomorphisms then so is Hh. 

Consequently, if two of the three morphisms f, g and h are isomorphisms then the third one is also 
an isomorphism. 



Now the following lemma shows that from any given triangle one may construct a minimal one; similarly 
from any pseudo-exact sequence one may construct a minimal one. 

Lemma 3.4. Suppose that A is either a triangulated category with finite direct sum decomposition property 
or any Krull-Schmidt category. 

(a) Assume (£) : X — ^—>-E — ^—*Y — ^-*X[1] is a triangle in A. 

(1) Then (£) admit two direct sum decompositions into two triangles given by a commutative diagram as 
shown below, and such that in the triangle X — -L^-E\ 91 »Y \ 61 >^ [l] the morphism fi is left minimal, 
while in the triangle X' — ^—>-E' — — *Y — — >-X'[l] the morphism g' is right minimal. 



X 
X 

'I 

X' © X"- 



i 

— >E 



51 
ly„ 



-*Y 1 ®Y 2 - 

i 

*Y — 



-X 



f o 

1„A 



*E'®X"- 



yo 



-Y- 



1] 
1] 

i 

•I'[l]ffiX"[l] 



-X 



(2) Moreover (^) = (? m in) © (Co) where (£ min ) : X\ > E\ 91 >Y \ — ^-»-Xi[l] is a minimal triangle and 
(Co) : X 2 ^Lx 2 © Y 2 ^iY 2 -^X 2 [l] is a split 



(a') In case A is not triangulated, replacing in (a) the term "triangle" by "pseudo-exact sequence" of the 
form L >M >N, statements (1) and (2) still hold. 

Proof. For (1), in order to construct the first row in the diagram above, using Lemma 3.1 we may identify 

/ with a map /= [£] : X >E l © Y 2 such that fx is left minimal. Now let X^^E l -^*Y l -^^X[l] 

be the unique triangle with base fx, and consider the trivial triangle >Y 2 — ^>Y% *0. By Lemma 3.3 

the direct sum of the two previous triangles is again a triangle, and since there is up to isomorphism only 
one triangle with a given base map, we have that the triangle (£) : X — ?—*-E — ^—>Y — ^-*-AT[l] is isomorphic 
to the direct sum 







[»„• 


4] 



X H] > E X © Y 2 L " lY2 ^ Yx © Y 2 [ei0] > X[1]. 

Similarly, the second row in the diagram of Lemma 3.4 is constructed by decomposing g into a direct sum 
of a right minimal map and a zero map. 

Statement (2) is a direct consequence of (1) and of the fact that any direct summand of a left (or a right) 
minimal map is still left minimal (or respectively right minimal): As above (£) is isomorphic to a triangle 

r/n K 1 

(6) : X LoJ > E[ © Y 2 L ° ly ' J , Yi © Y 2 [ei ° ] > X[1] 

where f[ is left minimal. Next writing g[ as a direct sum of right minimal map and a zero map, the last 
triangle is isomorphic to a triangle of the form 



Xi © A 2 



Si o 

lx 2 




foSi l [ ei °i 

-Ex © A 2 © F 2 - -^*Y X © Y 2 — 1 ° J > Xx[l] © X 2 [l] in which 



(£ m J : Xx >E X >Yx - >X X [1] is the desired minimal triangle. □ 

For any object M in an exact or a triangulated category A, let M denote the full subcategory of A 
with objects Z such that Ext\(M, Z) — 0; similarly is the full subcategory of A with objects Z such 
that Ext\(Z,M) = 0. 

Corollary 3.5. Let (£) : X — ?-*E — ^Y be a non-split short exact sequence or a non-split triangle in some 
Krull-Schmidt exact or triangulated category A. 

(1) If X is indecomposable then g is right minimal. IfY is indecomposable then f is left minimal. 

(2) If X and Y are indecomposable with E G 1 Jn Y , then (£) is the unique minimal M-approximation 
sequence or triangle for every subcategory A4 C X n Y containing E. 

Definition 3.2. We call a pseudo-exact sequence (or a triangle) (£) : M' — ?—*-B — ^—*-M a connecting re- 
sequence for a pair (T, T') of full subcategories of A if (£) satisfies the following conditions: 

(i) M £ T, M' ST', B G T n T' , /, g £ J c , and the two following sequences are exact. 

Homr'(S,-)-^*J r ,(M',-) >0, Hom r (-, B)-^J T (-, M) ^0 

(ii) Moreover, / is left minimal while g is right minimal. 

A connecting r-sequence (lying entirely) in T turns out to be a r-sequence in T. 

Note that for any connecting r-sequence (£) as above, if moreover M' and M are indecomposable, then / is 
left minimal almost split in T' while g is right minimal almost split in T. Observe that strict r-sequences 
(or almost split sequences/triangles) in some category are examples of special connecting r-sequences. r- 
categories are introduced by Iyama in [18, §2], they are also studied in [19, §1] with an approach using the 
concepts of weak (co) kernels (which we have called here as pseudo-(co) kernels). 



Lemma 3.6. Let T and T be two full subcategories of a Krull- Schmidt ( additive or triangulated) category C, 

and let (£) : M' — ?—>*B — ^-»M > and (£) : N' — ^E — ^->JV »■ be either minimal T flT' -approximations 

or connecting t -sequences for the pair (T, T'), with M, M' indecomposable, and with B ^ in case (£) and 
(£) are not triangles in C. 

(1) The following statements hold. 

(i) Any morphism a G Home(M, N) extends to a morphism (a', 6, a) G Hom|((), o/ sequences; 
moreover, a G Homc(M, N) is an isomorphism if and only if it is the case for any extension 

(a',M)eHom((0,(0) °f a - 

(ii) ylny morphism a' G Homc(M', TV') extends to a morphism (a', j3, a) € Hom^(£), (Q^ of se- 
quences; moreover, a' G Home (M, N) is an isomorphism if and only if it is the case for any 
extension (a', ft, a) G Hom^(£), of a'. 

In particular, M = N if and only if (£) is isomorphic to (£), if and only if M' = N' . 

(2) The correspondence given by 4>{a) = a' for every endomorphisms a G Ende(M) and a' G Endc(M') 
which extend to an endomorphism of the sequence (or the triangle) (£) yields a natural isomorphism 
\lm — - — *k-M' of division k-algebras. 

Proof. First observe that when (£) and (() are triangles with zero middle terms, we must have that 
M = M'[l] = M' and N = N'[l) = N', so that the result trivially holds. Thus it only remains to prove 
the lemma when (£) and (Q are both pseudo-exact sequences with non-zero middle terms; this implies that 
f,g,s,t are all non-zero maps. 

(1). We only need to give the proof for (i) since (ii) is the dual of (i). Let's introduce the following 

notation for any map X — h —+Y in C: Hom£(X, Z) = Hom c (T, Z)-h = {u-h : with Y— ^Z}. Observe that 
if h G J c (X, Y ) then Hom£ (X, Z) C J c (X, Z) . 

By assumption both maps g and t are either minimal right T n T'-approximations or right minimal 
almost split in T, consequently any element in Hom^(£?,7V) factors through the map E — - — *-N and any 
element in HornJ. (E,M) factors through the map B 9 > M. Thus also using the fact that the sequences 
(£) and (Q are pseudo-exact, it comes that each morphism a G Home (M, TV) must extend to a morphism of 

sequences (a', b, a) G Hom^(£), ((fj as shown in the following commutative diagram: 

/ 9 
(0 : M' — - — >B — —^-M 

a''' b'> [a 

T Y Y 

(C) : N' >E *N 

Next we want to prove that in any commutative diagram as above, a G Homc(M, N) is an isomorphism 
if and only if it is the case for (a', 6, a) G Hom^(£), , and for this we only need to show the non-trivial 

implication: a G lsom(M, N) implies (a', b, a) G Isom (([(,), (C)) ■ Thus assume a G lsom(M, TV), then by 

above "right factorization property" the map a _1 -t G Hom^(S, M) must factor through g, so that there is 
a map c G Homc(E, B) with aT 1 t = gc. But then, g(c-b) = g and t(b-c) — t, showing by minimality of 
non-zero maps g and t that b-c and c-b are automorphisms, so that b is both a section and a retraction, thus 
b is an isomorphism. Next, using the pseudo-exactness of (£) and (£), the morphism a -1 ) G Hornet, g^j 

induces another map a" G Homc(-/V' , M') such that fe _1 -s = f-a". This yields that s-(l — a' a") = and 
/•(I — a" a 1 ) — 0. (Remember that for each element u in a local algebra A, u or 1 — u is invertible). 
Hence since Endc(M') and Endc(AT') are local while / and s are non-zero by assumption, it comes that the 



endomorphisms t N > — a' a" and t M i — a' a" cannot be invertible, thus a' a" and a" a' are both automorphisms 
so that a' in above diagram is also an isomorphism. Therefore (a', b, a) is an isomorphism between (£) and 
(£); so that (i) holds as expected. 

(2). Let's show that (£) induces a well-defined epimorphism Endc(Af) **k-M' = Ende(M')/J E:nd , M /s 

taking each a G Endc(M) to the coset a' of an endomorphism a' G Endc(M') such that there is an 
extension (a', b, a) G Endc ((£)). For this let (a', b, a) and (a", c, a) be any two extensions of an endomorphism 
a £ End c (M), thus g-b = a-g = g-c, f-af = b-f and f-a" = of. We get g-{b-c) = while f-{a'-a") = (b-c)-f, 
showing that (a' — a" \b — c, 0) is a non invertible endomorphism of (£), extending the zero endomorphism of 
M. Thus By (i), a' — a" is not an automorphism, so that a' — a" € JEnd c (M')- Hence we have a well-defined 

morphism Ende(M) *^m' '■ al hi', which moreover is surjective since by (ii) each endomorphism of 

M' also extends to an endomorphism of the sequence (£). Now observe that the kernel of the previous 
epimorphism is equal to 3 Endc ^ M y. indeed by (i), we know that a is an automorphism if and only if it is the 

case for a', thus a' G JEnde(Af') ^ an d on ly if a G JeikIc(m)- Thus the induced map kjy/ — ^— <-kjv/' : al hx' 

is the natural isomorphism expected. This ends the proof of the lemma. □ 

One important concept we want to introduce is that of dualizing pair of bimodules, for two division 
k-algebras E and F, EbimodF denotes the category of finite dimensional E-F-bimodules. 

Definition 3.3. Let E and F be two division k-algebras. 

(i) A trace map on a k-algebra E is any k-linear map t : E »k such that t(o-e) = t(e-a) for all a, e E E; 

t is called non-degenerated if its radical R t := {e G E : Va G E, t(ae) = 0} is zero. 

(ii) Let B be any E-F-bimodule. Then the left dual, the k-dual and the right dual bimodule of B are given 
respectively by L B = HoniE(E-SF- eEe), Hom^E-BF, k) and B R = Homp(EBp, pFp), with the actions 
given as follows: for e G E, a G F, u G L B, £ G Honik(E-BF,k) and v G B R , we have (a-u-e)(x) = u(x-a)-e, 
(a-^-e)(x) = ^{e-x-a) and (a-v-e){x) = a-v{e-x) for every x G B. 

B is called dualizing (or is said to have a dual) if the left dual and the right dual of B are isomorphic. 

(iii) A (symmetrizable) dualizing pair of bimodules is the given of a data {e-Bf,f£? e ; b, b'} consisting of 

two dualizing bimodules and two non-degenerated bilinear forms B®pB' — - — >-E and B'^B — - — >F, 

which are symmetrizable over k via two non-degenerated trace maps t : E >k and t' : F >-k in 

the sense that: t(b(x (8 y)) — t'(b (y ® x)) for every x in B and y in B' . The two bimodules B et 
B' are therefore called mutually dual and we write B' = B* and B = B'*. 

Sometimes a dualizing pair of bimodule {B,B*; b, b'} is simply denoted by a pair {B, B*} in which the 
associated (symmetrizable) non-degenerated bilinear forms are omitted. 

Note that we can form products of symmetrizable dualizing pairs of bimodules to obtain symmetrizable 
dualizing pairs of bimodules. Indeed, let ki, k2 and k3 be division k-algebras and let {1B2, ib2, 2bi} 
and {2B3, 2-B3 ; 2^3, 3b2} be two symmetrizable dualizing pairs of bimodules with iBj G kibimod^ and 

with iBjt&k.iB* — ' hj > ki for = (1,2), (2, 3). Then their product is the symmetrizable dualizing pair 

of bimodules {iS 2 , 1-82! 1^2, 2&i} ® {2-83, 2 b 3 , 362} : = U B 2 ® 2S3, 2-B3 ® iB$; ib 3 , 3 bi} in which the 
associated bilinear forms are canonically induced. For all x G 1B2, y G 2-B3, u G i-B 2 and v G 2^3 we have: 
ib 3 ((a; ® y) ® (u ® u)) = ib 2 (a; ® 2 b3(y ® and 3bi((w ® u) ® (a; ® y)) = 3b 2 (w ® abi(lt g) x)-y). 

We point out that the symmetrizable condition we are requiring for our dualizing pairs of bimodules 
will not be explicitly used here, but such a condition enhance our study of 2-Calabi-Yau tilted algebras over 
non algebraically closed fields (Appendix A. 1.2). However, since the so-called trace maps play a crucial role 
for the existence of non simply-laced version of cluster structure here, we keep such a natural condition on 
bimodules which is justified by the following technical lemma which we can derive from the study of division 
k-algebras (or skew fields). 
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Lemma 3.7. Let B G EbimodF for any two division k-algebras E and F. Then there always exist trace 
maps t G Hom k (E,k) and t' G Hom k (F,k) such that B induces a symmetrizable dualizing pair of bimodules 
{B,B*} in which the associated non- degenerated bilinear forms are natural (functorial) ; some typical choices 
for the dual B* are given by Hom k (_B,k), L B and B R . 

Proof. By Lemma 5.1 in section 5, we can always construct two non-degenerated trace forms 
t G Hom k (E,k) and t' G Hom k (F,k). 

Claim. The traces t and t' yield natural isomorphisms of bimodules: L B — ^^Hom k (£?, k) and 
S R -^Hom k (S,k). 

To prove our claim, take u G L B, a G E. b G F, then for any x G B we have: [to (b-u-a)](x) — t((b-u-a)(x)) — 
t(u(xb)a)) = t(au(xb)) = t(u(axb)) = [tou](axb) = [b-(lo u)-a](x). Thus to (b-u-a) — b-(tou)-a, so that to- is 
a morphism of bimodules. But then, this morphism is clearly injective: in fact, since t is non-degenerated, 
its radical i? t := {e G E : Va G E, t(ae) = 0} is zero. Thus if tou = for some u G L B, then for all a G E and 
every x G B we have t(a-u(x)) = i(u(ax)) — showing that u(x) is in the radical of t, hence u is zero. Next, 
using the fact that L B and Hom k (i?,k) are finite-dimensional with the same dimension over k, we conclude 
that t o - is an isomorphism as claimed. Similarly, t' o - is also an isomorphism. Finally, the naturality of 
the previous isomorphisms is induced by the associativity of the composition of morphisms as one can easily 
check. Thus our claim holds. 

Now let's show that for any bimodule B* isomorphic for example to the k-dual Hom k (i3,k), we have a 
dualizing pair of bimodules {£?,£?*, fa, fa'} with fa, fa' symmetrizable over k via t and t'. For this, take any 
isomorphism <f> : B* — =^-Hom k (i3, k) then we consider the two non-degenerated bilinear forms 

B 0F B* ^«°-r^-)> , E and B* ® E B o'^r 1 «-)*-) , F> 

such that on each pair x G B,u G B* , letting t o u\ = <fi(u) = t' o u 2 with u\ G L B and u 2 G B", we have: 
b(x®u) = {x ® 4>{u)) :— ui(x) and b (u®x) — (4>(u) ® x) := u 2 (x). It is clear that fa and fa' are symmetrizable 
over k; indeed, with previous natation we have: t(b(x®u)) = t(u±(x)) — <j>(u)(x) — t'(u 2 (x)) = t'(b'(u®x)). 
This completes the proof of Lemma 3.7. □ 

Let T be a full subcategory of a Krull-Schmidt category C, such that the bifunctor J7-/J7- is finite 
dimensional over k. 

Definition 3.4. To T we can associate a modulated quiver Qj- — (Qr, 2t) described as follows: the underly- 
ing valued quiver of Qr is given by the valued quiver Qr of T, whose set of points is (<2r)o — (Qr)o = hid 7", 
while the arrows and the modulation 971 are given as follows: 

> the division k-algebra attached to point M in Qx is the opposite algebra k° M of kjv/ = Endc(M)/J r (M, M). 

By fixing a family of non-zero traces Im G Hom k (kM,k) with M in Qt, the modulation SOT may be 
taken to be symmetrizable. 

> For each pair of points X, Y in Q, the valued arrow a>x,Y £ (Qt)i(X, Y) and the dualizing pair of bimod- 

ules attached to a x ,Y are given by X-^^iXy where X B Y = Irr(X, Y) = 3 T {X, Y)/J T (X, Y) 
is the k^-ky-bimodule of irreducible maps in T while (xBy)* may be chosen to be the k-dual 
Hom k (x£y,k). 

We now prove the following important connection between dualizing pairs of bimodules induced by 
connecting r-sequences. 

Theorem 3.8. Let T ,T' be Horn-finite full subcategories of a Krull-Schmidt category C, and let 

(£) : M' — J—>-B — ^->Af »■ a connecting T-sequence for the pair (T,T') t with M,M' indecomposable, and 

with B in case (^) is not a triangle. Then there is a natural identification kjf = kjv/' of division 
k-algebras induced by the endomorphisms of (£) such that, for any indecomposable object X in T n T' , 

(^) naturally induces a non-degenerated bilinear form Iny^Af, X)®k M lrrq{X, M) >-kx, so that the 

kM -bimodule Itt 7 {X 1 M) and the kx "k/vf -bimodule Itt t (M' , X) form a dualizing pair of bimodules. 
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Proof. Observe that in case (£) is a triangle with B — 0, we must have M = M'[l so that the result 
trivially holds. Thus it only remains to prove the theorem when (£) is a pseudo-exact sequence with B ^ 0, 
this implies that / and g are non-zero. 

By Lemma 3.6- (2), we have a natural isomorphism of division k-algebras 

4> ■ k M := End c (Af)/J Endc(M) — =^->k M / := End c (M)/J Endc(JU) , with <f>(a) = a' for every endomor- 
phisms a E Endc(M) and a' £ Endc(M') which extend to an endomorphism of the sequence (£). 

Let X 6 T n T' be any indecomposable object and write \B 2 = Irr-^X, M) and 2 B[ = lxx T {M' , X). 
Under the identification of kjvf' with k^f using the natural isomorphism </>, the kx-kM'-bimodule 2 B[ is 
naturally a k^-kM-bimodule. Since by Lemma 3.7 any bimodule B 6 EbimodF (for two division k-algebras 
E and F) always induces a dualizing pair of bimodules, to show that the sequence (£) yields a dualizing 
pair of bimodules { 2 B[, 2 Bi} we only have to check that (£) yields as claimed a non-degenerated bilinear 

form 2-B{®k M i-B2 *k x (since in this case, 2 B[ will be isomorphic to the right dual bimodule 2-^1)- For 

any two radical maps v! £ 3 T ,(M' , X) and u £ Jq-(X,M) and for every endomorphism a £ Ende(M), the 
factorization property of the maps / and g (and Lemma 3.6) induces two maps u and v! and an endomorphism 
(a', b, a) of the sequence (£) together with the two following commutative diagrams. 



X 




Fact 3.1. With above notations, the morphism u is in 3^-(X, M) if and only if the morphism u is in 
J T (X,B); thus as k M -k x -bimodules T(X, B)/J T (X, B) = 3 T (X, M)/j|-(X, M) = i_B 2 . Similarly, the 
morphism v! is in J-j-, (M' , X) if and only if the morphism v! is in Jq-,(B, X), thus as kx -kM -bimodules 
V(B,Xp T ,(B,X) = 3 T (M',X)/3 2 T (M',X) = 2 B{. 

> In particular, g and f are irreducible maps, respectively in T and in T' , and the right kM-module 
structure of T' (B, X)/J T ,(B, X) and the left km-module structure of T{X, B)/Jq-(X, B) are given as 
follows: let u' € T'(B,X), u S T(X,B), a € Ende(-M) and (a',b,a) any extension of a to an 
endomorphism of (£) as in (Dl), then u'-a := u'-(j)(a) :—u'ob and a-u = b o u. 

For the non-trivial implications of the first part of Fact 3.1, let's assume that u € 3%(X,M) and write 
u = w o v for some radical maps v € i T (X,Z) and w £ i T (Z,M). Then since by assumption (£) is a 
connecting r-sequence, the right-factorization property of g shows that w = gw for some w € T(Z,B), we 
therefore get: g o u = u = gw ouso that go (u— w o v) = and by the right minimality of g it comes that 
u — w o v is a radical map, so that u is a radical map as well. In the same way, if u' is in 3 T ,(M', X) then 
the map u' is in 3 T ,(B, X). Hence, the composition by the morphism g yields an isomorphism of bimodules 
T(X, B)/J T (X, B) = 1B2, and the composition by the morphism / yields an isomorphism of bimodules 
T'(B,X)/J T ,(B,X) = 2-BJ, moreover these isomorphisms clearly show that the right kM-module structure 
of T'(B, X)ji T i (B, X) and the left kM-module structure of T(X, B)/3 T (X, B) are given as in the second part 
of Fact 3.1. Thus Fact 3.1 is clear. 

From Fact 3.1, it is now clear that the composition of maps yields a bilinear form (which is also k^-linear) 

2 B[® kMl B 2 = T'(B,X)/J T ,(B, X)® kM T(X, B)/J T (X, B)^^k x , with b(W ®u) =Wu. 
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Finally we show that b is also non-degenerated. For this, assume u / for some u S T(X, B), thus since 
X in indecomposable u must be a section. Hence choosing some left inverse B — - — >X for u, it comes that 
b(v'®u) = 1. Similarly for any non-zero u' in T'(B,X)/3 T ,(B,X) for some v! 6 T'(B,X), the map u' must 
be a retraction, so that choosing a right inverse v 6 T(B,X) for u' we get that b(u' (8 v) = 1. Therefore, 
the bilinear form b is non-degenerated and this completes the proof of the theorem. □ 

Now let T be an additive full subcategory of an exact or a triangulated category C such that T is rigid 
(Ext£ (T, T) = 0) and the functor J7-/J7- is finite dimensional over k, let M S ind T and T/M be the full 
subcategory of T generated by all objects in T which are not isomorphic to M, assume there exists another 
indecomposable object M* not in T such that the subcategory given by T' = (T/M) © add(M*) is also 
rigid. Then an exchange sequence (short exact sequence or triangle) between T and T is any minimal 

(T/M )-approximation sequence M*— — >B — — *-M >-. Thus each exchange sequence (£) (with B ^ in 

case (£) is not a triangle) must be unique up to isomorphism. We say that T has no loop at some point 
X e indT if its modulated quiver has no loop at X. Observe that we have another example of connecting 
r-sequences given by exchange sequences between T and T when T and T have no loops. We need the 
following technical lemma. 

Lemma 3.9. Suppose C is a Krull- Schmidt exact or triangulated category and assume that there is an 

exchange sequence (£ex) : M*— — >B — ?—>M ► between two rigid full subcategories T and T = (T/M) © 

add(M*). Then T has no loop at point M is and only if Ext c (Af, M*) = kjvf — ^M m > if an d only if T 
has no loop at point M* . Moreover, if this is the case then any non-split short exact sequence (or non-split 
triangle) (£) : M* *U *-M > in C must be up to isomorphism the unique exchange sequence (£ e x)- 

Proof. By assumption, Ext£ (T,T) = and Ext^T 7 , T 7 ) = so that Extc(M,S) = = Ext^-B.M*), 

f* f 

thus applying the two functors C(M,-) and C(-, M*) to the exchange sequence (£ ex ) : M*— — *B — — >M >-, 



we get the two following exact sequences: 

C(M, M*) *C{M, B)-^C(M, M)— ^Extc(M, M*) ^0 with h:=fo-, 

C(M,M*) >C(B,M*)-^C(M*,M*)-^Extc(M,M*) ^0 with ti :=-of*. 

Since by definition of an exchange sequence / and /* are radical maps, it is clear that lm(h) C J C (M, M) 
and Im(h') C J C (M* , M*). But by Lemma 3.6-(2) we have a natural isomorphism of division k-algebras: 
k M = C(M, M)/J C (M, M) = k M « = C(M* , M*)/J C (M* , M*). The previous observations therefore show that 
the following equivalences are true: there is no loop at M in T if and only if lm(h) = 3q(M, M) = ker(9), 
if and only if Extc(M, M*) = k M ~ k M *, if and only if Im(h') = 3 C (M*,M*) = ker(S'), if and only there is 
no loop at M* in T' . Hence the first part of Lemma 3.9 is proved. 

For the second part of Lemma 3.9, assume T has no loop at point M (or equivalently, T has no loop 

at M*), and let (£) : M* 9 > U — ^—*-M >■ be any non-split short exact sequence or any non-split triangle 

in C (in particular, the fact that M and M* are indecomposable together with Corollary 3.5 show that g* 
and g are radical morphisms with g* left minimal and g right minimal). Note that the non-split sequences 
(£ ex ) and (£) correspond to nonzero elements in the extension group Ext c (M,M*). By the discussion 
of the previous paragraph, applying the functor C(M,-) to the exchange sequence (£ ex ) yields an exact 

sequence C(M, M*) *C{M, B) >C(M, M)— ^-Extg (M, M*) ^0 in which d is the so-called connecting 

morphism associated with (£ e x), such that ker((9) = J C (M, M) is the radical of the local algebra C(M,M). 
Thus, there exists a morphism a € Endc(M) not in J C (M, M) such that Ext^a, M*) :— d(a) — (^), so 
that we have a commutative diagram as follows: 

(^) = d(a) : M*^-^U^-^M 



a. 
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But a ^ ker(3) = i c {M, M), hence a is an automorphism of the local algebra C(M, M). Thus by 5-Lemma 
(or by the fact that / and g are right minimal), it comes that in above diagram (3 is an isomorphism, hence 
(£) is isomorphic to the exchange sequence (£ e x), completing the proof of Lemma 3.9. □ 

4. Weak cluster structures and cluster structures 

Before introducing weak cluster structure, we start by recalling the 2-Calabi-Yau condition and the 
definition of cluster-tilting subcategories. Here and for all the rest of the paper, we only consider the weak 
version of Calabi-Yau condition, thus by 2-Calabi-Yau, we always mean weakly 2-Calabi-Yau, see [20]. The 
reader is also reminded that all our categories are always assumed to be Krull-Schmidt k-categories where 
k is any arbitrary field. 

2-Calabi-Yau condition, cluster tilting subcategories. Let C be a triangulated category with translation 
functor [1]. One usually writes Ext£(X, Y) = C(X, Y[l]) for every X, Y e obj(C). We write D = Hom c (-, k) 
for the standard duality over module categories. Then C is called 2-Calabi-Yau (weakly 2-Calabi-Yau in 
[20]) if for every objects X, Y in C we have a functorial isomorphism DExt^(X, Y) — =^-Ext^ (Y, X) , or 
equivalently, we have a functorial isomorphism DHomc(X,Y) — =^>-Homc(Y, X[2]). We observe that any 
2-Calabi-Yau category is a triangulated r-category where the translation r acts as the Auslander-Reiten 
translation and moreover t coincides with [2]. Cluster-categories are typical examples of 2-Calabi-Yau 
categories, recall from [5, 21] that for an hereditary abelian Ext-finite category 3f, the cluster category 
associated to IK is the orbit category C-k = D b !H/T _1 [l], where D b ?f is the bounded derived category of "K 
and r is the Auslander-Reiten translation functor on D b !K. From [9], also recall that an exact category C is 
called stably 2-Calabi-Yau if it is a Frobenius category such that the stable category C, which is triangulated 
according to [22], is Horn-finite 2-Calabi-Yau. Recall that C is said to have enough projectives if for each 

object X in C there is an exact sequence *Y >P *X *Q with P projective. Examples of stably 

2-Calabi-Yau categories may be obtained as follows. Let T be a triangulated category, then the module 
category modT of all finitely generated functors from T° to Modk is an abelian Frobenius category, see 
[23] and [17]. It follows from [7, §8.5] that if T is <i-Calabi-Yau, then the stable category mod T is (3d — 1)- 
Calabi-Yau. Since according to [7, §8.4], the category of projective modules over the preprojective algebra 
A associated to a simply-laced Dynkin quiver is 1-Calabi-Yau, we have in particular that the stable category 
mod A is 2-Calabi-Yau. The latter can also be obtained from [8] or from [24, Propositions 3.1 and 1.2]. 

Following for example [25], recall that a subcategory B of an additive A is called contravariantly finite 
if the restriction A(-,X)\ B of the representable functor defined by X has finite length for each X in A, 

or equivalently if for each X in A, there exists a right ^-approximation / : B »-A. The dual notion 

of covariantly finite subcategory may be defined in a dual way. B is called functorially finite if it is both 
contravariantly finite and covariantly finite. For (triangulated or exact stably) 2-Calabi-Yau categories, the 
three previous notions are equivalent. 

Definition 4.1. [25, 26, 5, 27] A subcategory T of C is called cluster tilting if it is functorially finite with 
the following condition: an object M in C belongs to T if and only if Exty (X, M) — for every X in T (or 
equivalently, the object M belongs T if and only if Ext^-(M, X) = for every X in T). The last condition 
states that T is maximal rigid or maximal 1- orthogonal. Similarly, an object T in C is called cluster tilting 
if add T is a cluster tilting subcategory of C. 

Weak cluster structure. We now recall the notion of weak cluster structure on any additive category. 
Definition 4.2 ([9, §1.1]). A weak cluster structure on C consists of the following data: 

> The given of a collection Cist of sets X C indC called clusters, while each indecomposable object in 
each cluster is called a cluster variable. Additionally there is a subset P C indC of indecomposable 
objects which are not clusters, called coefficients. For each cluster X the union T = XUP (view as an 
object or as a subcategory in C) is referred as an extended cluster. These data are required to satisfy 
the following two conditions. 
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clsl Any cluster variable M yields an operation /im called exchange, taking an extended cluster T for which 
M is a direct summand, to another extended cluster hm(T) = T* — T/M®M* for some unique cluster 
variable M* ^ M. (M, M*) is then an exchange pair. 

cls2 There are two exchange triangles/sequences M* - > B — ^—*-M > and M — 3 -^B' 9 > M* *■ relating 

T and T*: these are minimal add(T/M)-approximation sequences. 

Remark 4.3 (BMRRT,Z3,KR,IY,BIRSc). If a (stably) 2-Calabi-Yau category C has a cluster tilting 
subcategory, then the cluster tilting subcategories in C determine a weak cluster structure. Moreover, the 
weak cluster structure for cluster categories has no loop nor two cycle. 

Call a modulated quiver Q an extended modulated quiver with respect to a subset I C Q if in Q there 
is no arrow between two points in Q -J. For an extended cluster T such that Jj/J^ is finite dimensional 
over k (here J T = J addT = rac^ddT is the Jacobson radical of addT), in view of Definition 3.4, the extended 
modulated quiver Qt = (Qr,£EJt) associated with T is described as follows: the points are given by all the 
indecomposable objects in T, the division k-algebra attached to point M in Qt is the opposite algebra 
kj^ of kjv/, and for each pair of points X, Y in Q which are not both coefficients, the fully valued arrow 
a = olx,y representing the set £ (Qt)i(X,Y) and the dualizing pair of bimodules attached to it are as 
follows: X — Y ' Y > Y where xBy = Itt(X,Y) is the k^-ky-bimodule of irreducible maps in addT 
while its dual yB x = (xBy)* may be chosen to be the k-dual Homi((xBy,k). The modulation of Q is 
chosen to be symmetrizable by first fixing non-zero traces Im £ Homj^k^, k) for each point M. Thus if A 
is the factor algebra of Endc(T) by the ideal of morphisms factoring through addP, then Qt = Q°j. 

Mutation of valued quivers. 

Definition 4.4. > A valued graph (without any restriction on the graph) is a labeled graph 
r = (To,Ti,l,d) whose labeling d called valuation prescribes for each edge a £ Ti(i,j) two non-zero 
integers id",jdf £ N. Additionally, it is required that the valuation d is right (or left) symmetrizable, 
where the (minimal right) symmetrizing map Tq — ^— ^-N* for d prescribes for each point i £ To a 
non-zero integer m £ N*, such that id"nj = jdfrii for all a £ Ti(i,j). Each valued edge a £ Ti(i,j) 

may be depicted by i-^—j or by a : t 3 ' 3 *j if one should stress on the valuation, (where a may be 
dropped when no confusion is possible, for example in case a is the only edge between i and j). 

> A valued quiver Q = (T, s, t) of type T consists of a valued graph T endowed with an orientation given 

by two maps s,t : 1^ >T which prescribe for each edge a £ Ti(i,j) its source s(a) and its target 

t(a) with {s(a), t(a)} = l(a) — thus turning a to an arrow from s(a) to t(a). If a is oriented 

from i to j we also write d(a) = (idfj,jdf). 

With above notations, if moreover Q is locally finite (for each pair of points i,j £ Qq, the set Qi(i,j) of all 
valued arrow from i to j is finite), then the set Qi(i,j) may be represented by one valued arrow i dj ' 3<i >j 
with id" = id] an d jd" = X) j c Ci m this case, we call a the fully valued arrow from i to j in 

76Qi(K?) 7GQi(*,i) 

Q. One can also speak of fully valued paths in Q. 

For all the rest, all valued quivers are always assumed to be locally finite. Let Q be a valued quiver of 
type r with valuation d over a set I, and k £ I a point which is neither on a loop nor on a 2-cycle, in other 
words the following condition holds: 

for every point i £ I, either Qi(i, k) = or Qi(fc, i) = (1) 

For every pair of points i,j £ I, we let be the subset of all length-2 valued paths from i to j 

crossing k. Then with condition (1), either 0,^(3,1) — or Q^ihj) = 0- 

Definition 4.5. Assume condition (1) is satisfied, then the mutation of Q at point k is the valued quiver 
over I given by Q' = /itfc(Q) with valuation d' described as follows: 
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> for each i 6 I and for each valued edge a 



■ a, b 



a : i- 



a . b 



k in Q, in Q' there is a corresponding valued edge 



k having the same valuation as a, but the orientation of the arrow a* in Q' is opposite to the 



orientation of a in Q. 



> Let i,j S such that the set Q^\j,i) is empty, then let i~"*~k~~>~j be the fully valued (or may 

be 0- valued) length-2 path representing the subset Q,^\i,j), and also let i-* 7 - -j be the fully valued (or 
may be 0- valued) arrow representing the set Qi(j,i). 

Then Qi(i,j) C Q[(i,j) as sets of valued arrows, and any further (fully) valued edge in Q[(i,j) U 
rv/..\. • u i ■\id j (<x0)- i d j (-t)\,\ j d i (o t p)- j d i (~r)\ . 

Qi(j, i) is given by 7 : i L --■ j, with its orientation determined as follows: let 

sign 7 ,(i, j) = sign(idj(af3) - id^j)) = sign( : ,d i (a/3) - ^(7)), thus if sign 7 ,(i, j) equals +1 then 7' is 
oriented from i to j, otherwise 7' is oriented from j to i. 

In particular, if additionally the three points i, j and k determine a (full) acyclic valued subquiver in 
Q, then Qi(j, i) = and Q±(i,j) may be identified with the disjoint union Qi(i, j) U 

So defined, the above mutation of valued quivers never increase the number of 2-cycles. 
Example 4.6. In the valued quivers below, a, b € N are two (non-zero) natural numbers. 
2 




6a ,4b 



6a, 46 



3a, 2b 



Cluster structure. In the following definition, condition cls4 is a non simply-laced generalized version 

of condition (d) required in [9] for cluster structures. Note that in contrast to the case of simply-laced 
categories (over algebraically closed fields) where the quiver of a category carries enough information (about 
irreducible maps for example) , here for the general case where the base field need not be algebraically closed 
the valued quiver alone has very less information about irreducible maps, the corresponding information 
should be recovered by the modulated quiver. Thus the reader is warned that it is not restrictive to require 
in condition cls4ii below that cluster structure should respect in some sense the modulation of each extended 
cluster. 

Definition 4.7. The category C is said to have a cluster structure if C has a weak cluster structure as above, 
with the two following additional conditions. 

cls3 There are no loops nor 2-cycles in the following sense: the extended valued quiver of each extended 
cluster does not have loops and 2-cycles. Equivalently, exchange triangles (or exchange sequences) are 
connecting r-sequences and there are no 2-cycles. 

cls4 For each extended cluster T, dimi c (J T /J^) < 00 and the extended modulated quivers of T and of T* 
are related by the following semi-modulated mutation: 

cls4i Qy» = //m(Qt) is the mutation of the valued quiver at point M. 
cls4ii Each exchange pair (M, M*) comes with a natural isomorphism k 



— 4cm, compatible with 

the two exchanges triangles (sequences), which identifies the division algebra kAf* with the division 
algebra kjv/ such that for every cluster X € (TjM) the (fully) valued edge between X and M in 
Q and the (fully) valued edge between X and M* in Q' are respectively given by 



n 



X 



M and a* : X 



X-&M j M 



Bx — (x B A 



-M*. 
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So that in a* only the orientation and point M change while the associated dualizing pair of 
bimodules { x B m ,mB x = (xB M )*} = {mB x ,xB m = (mB x )*} stay unchanged while passing 
from Qt to Qt* • 

We observe the following under the assumption of weak cluster structure: looking at condition cls4ii 
above and taking into account Theorem 3.8, since exchange triangles (or exchange sequences) are mini- 
mal approximation sequences, it is true that for any fixed M as above, there always exist two isomor- 
phisms kfl.f — > kM* and kjv/* — > kjv/ given by choosing two exchange triangles (or sequences) for the pair 
(M,M*), under which for all indecomposable objects X e B and X 1 G B', In T ,(M*,X) = 0M Irr^A, Mf 
while \Irij{M,X')) Irr T «(JC', M*). Thus in view of Theorem 3.8, condition cls4ii says precisely that 

there should be a "good" tj> = <f>M = 4>m* associated with a nice choice of the two compatible exchange tri- 
angles (sequences). Also note that condition cls4ii is always obviously satisfied for simply-laced case, where 
bimodules are just vectors spaces over an algebraically closed field. 

5. 2-Calabi-Yau and stably 2-Calabi-Yau categories with cluster structures 

In this section our main result is to prove that in presence of 2-Calabi-Yau property, condition cls4 
holds under the assumption that cls3 holds and we have a weak cluster structure. The proof that condition 
cls4i holds can be derived from the corresponding result for the simply laced case in [9]. However to prove 
that condition cls4ii holds is a more complicated task which will require the general setup we developed in 
previous sections as well additional tools regarding skew fields. From now on, we assume that C is either 
Horn-finite 2-Calabi-Yau or stably 2-Calabi-Yau. 

5.1. Main Statements 

For the main result of this section we need the following technical but easy lemma giving the existence 
of the so-called trace maps for finite dimensional local k-algebras. 

Lemma 5.1. Let A be a finite dimensional local k-algebra with radical J A , then there are non-degenerated 
k-linear trace forms t on A such that t G soc^Hom^A, k)) H soc(Homj < (A, k) A ): each such trace form is 
then a non-zero central element in the K-bimodule D(A) = Homk(A,k), thus a-t — t-a for every a G A, and 
J A -t = = t-J A . In particular for every invertible element a G A, we have a-t-a^ 1 = t. 

Proof. 

(i). We first prove the following well-known fact: let E be a centrally finite division ring with center 

C (E is finite-dimensional over its center C), then there is a non-zero C- linear trace map E — - — >-C (such 
that t(ab) — t(ba) for every a,b G E). In fact let [E,E] stands for the C-subspace of E generated by all 
commutators [a, 6] = a-b — b-a with ^ a, b G F. We claim that [E, E] is a proper subspace of E. Indeed, 
let C be the algebraic closure of E, then the algebra E = E®cC is still a finite dimensional simple algebra 
over the algebraically closed "commutative" field C (see for example [28, 15.1]), so that by Wedderbun- 
Artin Theorem it coincides with a matrix-algebra M m (C) where m — dimcE > 1. The C-subspace [E,E] 
corresponds to matrices with zero trace, thus it is a proper subspace of E. It clearly follows from the 
commutativity of C that [E,E] = [E,E]®cC, it comes that [E,E] is also a proper subspace of E, hence our 
claim holds. Now, choosing some non-zero C-linear map [E,E] — ^>-C and next taking the composition with 
the projection E — ^-»E/[E, E], we obtain that the map t := Aop is a non-zero C-linear trace map on E, and 
since E is a simple algebra the trace form t is automatically non-degenerated in the sense that its radical 
R t = {a G E : t(ab) = for all b G E} is zero. 

(i). Now, since A is a finite-dimensional k-algebra, the factor A = A/radA and its center C := C(A) are also 

finite-dimensional division k-algebra, in particular A is also centrally finite. Hence by point (i) above, there 
is a non-degenerated C-linear trace map A/radA — ^—*C. Let's choose any non-zero k-linear map C — — *k 
and let A — ^^-wA/radA be the canonical projection, then the map A t=uoXo7r > k is a non-degenerated k-linear 
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trace form on A and moreover t G soc( A Hom k (A, k)) n soc(Hom k (A, k) A ). For the latter fact, we use the 
fact that A is an artinian algebra and the bimodule D(A) = Hom k (A, k) is artinian as left-module and as 
a right module, so that for any element / S D(A), / £ soc(aD(A)) if and only if J A -f = and similarly, 
/ € soc(D(A) A ) if and only if /-(J A ) =0. ' □ 



We consider the following condition for a triple (T, M, T*): 

category) in C, 

(2) 



T is a cluster tilting object (subcategory) in C, 
M G ind T and, there is no loop at point M in T, 
T* = (T/M) © M* is the mutation of T at point M. t 



In view of Lemma 3.9, (T, M, T*) satisfies (2) if and only so does the triple (T*,M*,T), 

Our main contribution for a non-simply laced version of cluster structure is stated as follows. 

Theorem 5.2. Let (T, M,T*) be any triple in a triangulated or exact stably 2-Calabi-Yau category C such 
that condition (2) is satisfied. Then the following statements hold. 

(1) The two exchange sequences (0 : M*^*B^*M^ and (£') : M-^B'X-M*— associated with the 
exchange pair [M, M*), may be constructed such that each endomorphism a G Endc(Af) extends to an 
endomorphism (b, a', a, b[l]) of the sequence (£) and to an endomorphism (a, a", b, a[l]) of the sequence 
(£') with a common component b G Endc(M*). 

(2) The correspondence ai *b, induced by (1), yields a natural isomorphism of division k-algebras 

kjvf >-kjvf* along which, for every indecomposable direct summand X in T/M we have the 

following natural isomorphisms of (symmetrizable) dualizing pairs of bimodules: 

{Irr addT (X, M), Hom k (Irr addT (A, M), k)} S {Irr addT , (M*,X),Hom k (Irr addT , (M\ X), k)}, 
{Irr add rp (M, X) , Hom k (Irr add T (M, X),k)} = {Irr add T , (X, M* ) , Hom k (Irr add T , (A, M*),k)}. 

We now have that the non-simply laced version of cluster structure exists under the assumption that we 
have a weak cluster structure and condition cls3 holds. 

Theorem 5.3. Let C be Hom-finite triangulated (exact stably) 2-Calabi-Yau category over an arbitrary 
commutative field k, with some cluster tilting subcategory and such that there are no loop and no 2-cycle. 
Then the cluster tilting subcategories determine a (non-simply laced version of) cluster structure forC. 

Before proving Theorem 5.2 and Theorem 5.3, we derive the following useful consequence for 2-Calabi- 
Yau tilted algebras, where the splitting condition in point (iii) of Corollary 5.4 is needed since the base field 
k is not assumed to be perfect. Also recall that if an object T in C does not have loops and 2-cycles, then 
between any two points i and j in the modulated quiver Q of End(T), there is only one (fully) valued edge 
ki— —kj whose symmetrizable dualizing pair of bimodules may be denoted by {iBk, kBi\ jbfc, kbi} in which 
the symmetrizable non-degenerated bilinear forms iBj^ jBi — — and jBi^^Bj 3 * > kj are induced 
by non-degenerated traces U 6 Hom k (kj,k) and t,- € Hom k (kj,k) as in Lemma 3.7. 

Corollary 5.4. Let (T, T*) be a triple in C as in condition (2) such that T does have loops and 2-cycles, 
with indT = {T,i : i G I}. Let Q = QEnd c (T) an ^ Q' — 2End c (T*)- Then the modulation of Q may be chosen 
to be symmetrizable over k by fixing a family (kj, t,-),- e i of division k-algebras k^ endowed with non-degenerated 
traces tj, and such that Q and Qf are related by the following semi-modulated mutation. 

(i) The underlying valued quiver of Q' is the mutation Q' = /^(Q). 

(ii) Under a natural identification of the division k-algebras attached to point k in Q and in Q! , we have 
that the family of division k-algebras endowed with non-degenerated traces in Q! is again given by 
(kj,tj)jgi. And for any two points x,y with x ^ y, the (fully) valued arrows representing the sets 
Qi(x,k), Qi(k,y) and Q[(k,x), Q'i(y,k) are respectively given by 
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a : x * Bk ' kB *> k, (3 : k k y ' y ' k > y and a* : x i Bk ' kB * k, (3* : fc ! r»" ' k y 

in which a and a* (or (3 and (3* respectively) have the same symmetrizable dualizing pair of bimodules. 

(iii) Suppose i,j £ In {fc} are such that the valued subquiver of Q induced by the three points i, j and 
k is acyclic, let iBj = Irr add T (Tj ,Ti) and iBj = Irr addT * (Tj, T{). In case the bimodule iBk <8> kBj 
is nonzero we also require the splitting condition: J add j* (Tj , Ti ) — I^add T (Tj 5 Ti ) ® ^&ddT(Tj:Ti) ^ 
bimodules. Then as kj-kj -bimodules we have iB'j = I rr a dd(T/r fc ) (^i ' ) = i^j ® (iBk ® kBj), thus the 
corresponding symmetrizable dualizing pairs of bimodules in Q and in Q' are related as follows: 

{iBj, jB'^ib'j, jb'i} = {iBj, jBf, ibj, jbi} (B ^{i-Bfe, kBf, ibk, fc&i} <8 {kBj, jB k ; kbj, jbk}j ■ 

Proof, (i) is given by Theorem 5.3-clst4i while (ii) is given by Theorem 5.2-(2), thus it only remains to 
check that (iii) also holds. Let Q^\i,j) '■— {a/3 : a £ Qi(i, fc), /3 € Qi(k,j)} stands for the set of all length-2 
valued paths in (^2(2, j) crossing k (as in Definition 4.5). By definition we have T* = Hk(T) = (T[T k )(BT^ with 
T k £ T fc . Let % B = lYT^^T^Ti), t B] = Irr addT , (Tj, T t ), iB k = Irr addT (T fc , T t ) and k B 3 = Irr addT (7), T k ); 
clearly we always have canonical exact sequences of ki-kj-bimodules 

l B k © kfc kBj -^add-ifr^TjiTi) "iBj *0 and Irr^^ (T^T*) ^B] *0. 

Using the splitting condition: J addT (T :) ,T , J ) = Irr addT (T,-, Ti) © J addT (7}, Ti) in case { B k ® kBj ^ 0, we see 
that iBj C ~L~n\ ddT [r k (Tj,Ti) and dim^Q-Bj) < dim ki (Irr^^ (2), Ti)) < dim ki (iB k ® kfc k Bj) + dim kt (iBj). 

Then to show that iBj = iBj © (iB k (g) k Bj) = ln' ad dT[r k Pj>^i): ^ ls enough to check that the bimodules 
iBj and iBj © (iBk © kBj) have the same dimension over k^. But by hypothesis the full valued subquiver 
in Q determined by the three points i, j and k is acyclic, and the last point of Definition 4.5 shows 
that for the valued quiver Q' := /Xfc(Q) of T* we have Q[(i,j) — Qi(i,j) U Q2 (i,j)- It comes that 
dim k . (iBj) = dim k . (iBj) + dim k . (,;#/£ © kBj), thus yielding our claim that statement (iii) is also true. □ 

5.2. Proofs of Theorem 5.2 and Theorem 5.3 

We prove Theorem 5.2 and Theorem 5.3 in the triangulated case, the "exact stably 2-Calabi-Yau" case 
is obtained similarly by replacing "triangles" by "pseudo-exact sequences". 

5.2.1. Proving Theorem 5.2 

Since by assumption the triple (T,M,T*) satisfies condition (2) so that by Lemma 3.9 the triple 
(T* ,M*,T) also satisfies condition (2), and since moreover the exchange triangles associated with the pair 
(M,M*) are add(T n T')-approximation triangles, it follows that these exchange triangles are connecting 
r-sequences. Therefore, point (2) of Theorem 5.2 is a direct consequence of point (1) and of Theorem 3.8-(2). 
Thus we only need to provide the proof of point (1). 

Constructing exchange triangles. Fixing one exchange triangle (£) : M*— *-B^^-M— ^*M* [1] , we have to 
construct the second exchange triangle (£') : M — ^-B' 9 > M* s > M[1] such that the condition below is 
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satisfied. 



Each endomorphism a £ Endc(M) yields a commutative diagram as follows, 
p M*[l] 



M 

b 
I 

M*- 



r 



-B- 



f 



~M 



b[l] 



M- 



g 9 



-M* 



r 



-B- 



f 



•M 



a M*[l] 



M- 



*B'- 



►M* 



6' 



*M[l] 

\a[l} 
►M[l] 



(3) 



where the component morphism 6 6 Endc(M*) is the same for both triangles (£) and (£'). 

By lemma 5.1 we start by choosing a non-degenerated trace map t <G soc(D Home(M, M)), in particular 
t is a central element in the Ende(M)-bimodule soc(D Homc(M, M)). By 2-Calabi-Yau property we have a 
functorial isomorphism DHomc(X,Y) — ^-^Home(F, X[2]) for every X, Y £ indC, so that t naturally cor- 
responds to a non-zero morphism s £ soc(Homc(M, M[2])) which therefore induces an almost-split triangle 
(£ e ) : M[l]— ^£7— ^M— ^M[2] in C. 

Next, using (£) and we construct a morphism 8' : M* *M[1] such that the diagram below 

commutes. 



(0 
(60 



f* f X 

M* >B >M +M* [1] 



M[l]- 



-M- 



►M[2] 



In fact by right factorization property of i> the radical map / must factors through v by some map /' 
making the middle square in above diagram to commute; thus the pair (/', 1 M ) must extend to a morphism 

of triangle (6', /', 1, S'[l)) with 6' : M* >-Af [1], so that we get a commutative diagram as above in which 

5' 7^ since e was chosen to be non-zero. 

Fact 5.1. The unique non- split triangle (£') : M^-^B'-^M*-^M[1] constructed using the morphism 
6' is an exchange triangle. 

Since (£') does not split, the proof Fact 5.1 is given by Lemma 3.9 showing that the result is always true for 
a pair of rigid subcategories without loops at M and at M*. However we can also show directly that B' is 
T n T': indeed let T = T/M, applying the functor C(T, -) to (£') yields the following exact sequence 

C(T, M) >C(T, B') >C(T, M*) *Exte(T, M) »Ext^(T, B') ►Ext£(T, M*). 

Since T = T © M and T* = T © M* are rigid, we have Ext^ (T, M) = and Ext^ (T,M*) 
0. it follows that Exte(T, B') = 0. Next, applying C(-,M) to (£') and using the fact 
that there is no loop at point M in T, we get (as in the proof of Lemma 3.9) an exact 

sequence -J C (M, M) >C(M, M) — «-Ext£(M*, M) >Ext£(B', M) *Ext£(M, M) = 0, showing 

that Ext c (B',M) = and because of the 2-Calabi-Yau condition Ext c (M, B') = as well. Similarly, 
applying C(M*,-) to (£') together with the same argument as the previous one, one also obtain that 
Ext^(M*,B') = = Ext£(£',M*). We have therefore proved that Ext£(T,5') = = Ext^ (T, B') and 
Ext£(T, B') = = Extc(T, B'), showing that B' is in T n T* since T and V are maximal rigid. 

Fact 5.2. The two exchange triangles (£) and (£') are compatible with respect to the modulations associated 
with T and T* = /im(T), in the sense that condition (3) is satisfied. 
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For the proof of Fact 5.2, let M — ^— *-M be any endomorphism of M. Using the first exchange triangle 
(£) (with the right factorization property of /), it is clear that each endomorphism a must extend to an 
endomorphism (b, a', a, b[l]) of the triangle (£). Now to a have a commutative diagram as in (3) we must 
show that in the diagram below 

9 9* 8' 

(£') : M — — ►.B'— — >-M* — - — >M[1] 

«| \b \a[l] 

(O ■■ M— ^M*— pM[l], 

the pair (6, a) also extends to an endomorphism (a, a" , 6, a[l]) of the second exchange triangle (£'). For this, 
we only have to show that the right square in the previous diagram commutes, or equivalently that in the 
following diagram with left commutative square, the right square also commutes: 

5 S'[l] 
M >M*[1] »M[2] 

a\ \b[l] \a[2] 

M >M*\1] >M\2\ 

8 1 1 S'[l] 

Remember from the construction of 8' that e = 8'[\]-8\ but the functoriality of the 2-Calabi-Yau property 
yields that a[2]-e — e-a: to see this let M\ = M% = M[ = M' 2 = M be just others names for M. Then 
any pair of maps M x — and M' 2 — ^-*M 2 induces two maps Hom c (M 2 , M x [2]) — ^Hom c (M 2 , M[ [2] ) 
and D Home (Mi, M 2 )—^D Home (M(,MQ with ip(u) = c[2\u-c' and for any M[ u ' > M^ and a £ 
D Homc(M( , M 2 ), i](a)(u') — a(c'-u'-c) — (c-a-c')(u'), thus 77(a) = c-a-c' . Also Recall that under 
the functorial isomorphism D Home (Mi, M2) — ^Homc (M 2 , Mi [2] ) of 2-Calabi-Yau property, the map 
e e Hom c (M 2 ,M 1 [2]) corresponds to t G DHom c (M 1 ,M 2 ) = D Hom c (M, M), so that the composition 
■0(e) = c[2)-e-c' corresponds to 77(f) = c-t-d . Hence for (c, d) — (a, 1) and next for (c, d) — (1, a) we obtain 
that a[2]-e corresponds to a-t while e-a corresponds to t-a. But since t was chosen to be a central element, 
we have t-a = a-t, and therefore we also have a[2]e — e-a as desired. 

Now since the left square in the previous diagram already commutes, the equality a[2]e — e-a implies 
that (a[2]5'[l] - $'[l]&[l])-<5 = 0; hence the map a[2]<5'[l] - d'[l]6[l] must factor through the term B[l] of the 
triangle with base 8. But we have Hom c (B[l], M[2\) = Ext£(B,M) = so that a[2]5'[l] - S'[l]b[l] = 0, 
yielding the commutativity of the right square in our above diagram. Thus the pair (a, b) extends to an 
endomorphism of the second exchange triangle (£'), so that each endomorphism a S Ende(M) extends to an 
endomorphism (b, a' , a, b[l]) of (£) and to an endomorphism (a, a", b, a[l]) of (^') with a common component 
b £ Endc(M*). Thus the proof of Theorem 5.2 is now complete. □ 

5.2.2. Proving Theorem 5.3: Condition cls4i 

This part of the proof is derived completely from its simply-laced version obtained in [9, Theoreml.1.6]. 
For the sake of completeness, we adapt the proof of [9, Theoreml.1.6] using the language of valued quivers 
instead of (ordinary) quivers, and we give some additional details omitted in [9]. 

Let T be a cluster tilting object in C with indT = {Ti : i E I}, k € I a fixed point and T* = 
TfT k ® T* = Hu{T); let Q = Q T and Q' = Q T .. We have two exchange triangles T* k -^-^B k -^-*T k >T£[l] 

and T k - > B' k - > T£ ^[l], showing clearly that we have Q[(i,k) = {a*: a e Qi(k, i)} and 

Q[(k,i) = {a* : a € Qi («,&)} for every i e I. 

Next, we need to consider the situation where we have in Q a full valued subquiver of the form: 

f£. ----- ------ -^j , where (a, b) = (0,0) or (c, d) = (0,0) since we Q have no 2-cycle by assump- 

tion. By Definition 4.5 the mutation of valued quivers yields in fJ, k (Q) the following valued subquiver: 
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, where the valued edge i 

\ — c+ms\, I— d+m' s'\ 



. | — c+ms\. | — d+m's'l . , 



j is oriented from j to i if sign(— c+ ms) 



+ 1, otherwise it is oriented from i to j. Since by assumption one of the valuation (a, b) or (c, d) is (0,0), 

it comes that the valued edge between i and j in /ifc(Q) is given by 7 : i -j, oriented from 

j to i if sign(a — c + ms) = +1 (or equivalently, if sign(6 — d + m's') = +1, since the valuation is always 
symmetrizable), otherwise it is oriented from i to j. 

Hence, to prove that the equality Q' = /ifc(Q) holds we must show that the valued edge corresponding to 
the pair i, j in Q' = Qy. is given by the previous valued edge 7 in [i k (Q). For this, we start by considering 

the two following exchange triangles associated with the summand T of T: T* *Bi — ^-*-Tj >T* [1] and 

T *B[ >T* ►■T'i [1] , where T k is not a direct summand of B[ since there is no arrow from i to k in Q 



-k shows that we may write Bi = Di 



> T™ such that 



because there are no 2-cycles. The valued arrow i* 
T k is not a direct summand of Di. 

We then have the two commutative diagrams Diagl and Diag2 below, where the third row of Diagl is a 
triangle constructed by starting with the three triangles induced by the maps in the upper square, and then 
using the octahedral axiom Tr4 of triangulated categories. 



Diagl : 

{T* k ) m [i\ = (T fe *ni] 



-1]- 
-1]- 



►7,* 

\ 



-A 8 (T fc ) m ^-^ 
1 w 1 



Diag2 : 

(T * )ro[1] = (T * )m[1] 

t t 
Ti- — *B'i— —IT- — >Ti 



^ © (B k y 



h" 1 h! 
T > Y »X 



(r* k ) m [i] = (T*ni] 



t 

(T * r[1]=(T * r[1] 



Then using again the octahedral axiom, Diag2 is a commutative diagram of triangles in which the second 
row is an exchange triangle while the third column is the second column of Diagl. Observe that in Diag2 
we must have Y = B[ (T fe *) m : using the fact that T k is not in addB^, we have C(B[, (T fe *) m [l]) = 0, so that 
the triangle in the first column of Diag2 splits. 

For T = T*jTi = © T t , we claim that the maps h and h! in the two triangles below are right 

add T -approximations, 

(0 : X >Di © B^^^T, >X[1], (£') : T l +B\ © (T*) m ^X *T;[1]. 

In fact, B[ © (T£) m is clearly in addT since T k is not a direct summand of B[, but Ti is in T n 
so that C(T , Tj[l]) = 0, hence h! is a right addT -approximation. Now, to deal with the case of the map 
h, we start by observing that D t © B™ is in addT*. We know that Bi — D { © T™ g addT while by the 
choice of Di, we have Di g addT for T = TfT k \ and T is not a direct summand of Di because there is 

no loop at i. Further T k and T are not direct summands of B k since there is no loop at k and there is 

— * 

no arrow from i to k in Qt. Hence Di © B™ g addT as required. Next, for each indecomposable direct 

summand T t of T not isomorphic to XJ*, we see that any map u : T t *T factors through h: since the 

second row in Diagl is an exchange triangle, u factors through the map g so that u = g o v! for some 
v! g C(Di © T™,T). Now using the triangle in the second column of Diagl above, together with the fact 
that C(T t ,(T fc *) m [l]) = since T t g ind(addT*) with T t ¥ T*, it comes that the maps v! must also factor 
through w so that v! = w o u" for some u" g C(Di © B™, Di@T^). Thus u — g o w o u" = h o u" by the 

— f * 

commutativity of Diagl. Finally, let v : T^ *T; using the minimal left add T-approximation T^ — - — *B k , 

there must exist a map v' g C(B k ,Ti) with v = v' o f*. But by the previous argument v' factors through h 
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since each one of the indecomposable objects T,, T^, T£, is not a direct summand of B^. Thus v also factors 

— * 

through h, and hence h is a right addT -approximation as claimed. 

Note that the triangles (£) and (£') need not be minimal. But using Lemma 3.4, the triangle 

|X 01 r e i 

(0 is isomorphic to a direct sum, X = Tf © 1 lJ > t/ t © W [hi '° ] > T t ^ »T?[1] © W[l], in 

which (£ ex ) : Tf - — *Ui % - — *Ti - — ^T^l] is a minimal addT -approximation triangle. Hence by 

Lemma 3.6 (£ ex ) must be the unique exchange triangle associated with Tj £ T* and Tf € T° = /^(T*). 
Similarly, since we already have X = Tf © VF, the previous argument applied to the triangle (£') shows 

1X1 IX °1 

that (£') is isomorphic to a direct sum, T, 1 J *U >. © W — 1 lJ > X = Tf © W — [e ' ol > T t [l], in 

which (£ x ) : T, — ^ — ^ ^— £ ^[1] is the second exchange triangle associated with the pair 

Now for M, U £ C with M indecomposable, let o:m(U) £ N denotes the multiplicity of M as a di- 
rect summand of U. Since we don't have 2-cycles in Qt*, one of the two natural numbers o;t, ([A) = 

dimk T . Irr T ,(Tj ,Ti) and (f/j) = dinik T . Irr T „(Ti, Tj) is zero. Thus it comes that the valued edge i J ' J 'j 
between points i and j in Qt* is such that idj = \aTj(Ui) — ay. (U?)|. But since Bi = Di © T™ and 
A © B% = Ui © W, while B< © (T*) m = 17? © W, we have a T3 (^) = a Tj (A © fljj^) - a Tj (W0 = 
a Tj (Bi) + m-a T] (B k ) - a Tj (W) = a + ms - a T ..(W), and a Tj (J7?) = a Tj (^' © T fc m ) - a rj (W) = 
ar^B'j) — aTj(W) = c — aTj(W). Hence idj = [a^ — (C^?) | = |a — c+ms| as expected. We 
then conclude that Qt* — M/c(Qt) as desired, and this ends the proof that condition cls4i holds. □ 

5.2.3. Proving Theorem 5.3: Condition cls4ii 

The proof that condition cls4ii holds is completely given by Theorem 5.2. Hence the proof Theorem 5.3 
is now complete. □ 

5.3. Substructures 

We end this section by pointing out that a notion of substructure for cluster structures is also introduced 
and widely studied by the authors of [9]. Also, the term "stably 2-Calabi-Yau" is used in a more general 
context to qualify any category B which is either a Frobenius category such that B is triangulated 2-Calabi- 
Yau or a functorially finite extension-closed subcategory of a triangulated 2-Calabi-Yau category (for the 
latter condition, we refer to [9, Thm II. 2.1]). Let C be an exact or a triangulated k-category, B a subcategory 
of C closed under extensions, and such that both C and B have a weak cluster structure. The weak cluster 
structure of B is called a substructure of C induced by an extended cluster T in B if the following holds. 
There is a set X of indecomposable objects in C such that for any extended cluster T" in B obtained by a 
finite number of exchanges from T the object T" = T' U X is an extended cluster in C. 



6. Cluster algebras, subcluster algebras and cluster maps 

In this section, we apply the existence of non simply-laced version of cluster structure to realize skew 
symmetrizable cluster algebras of geometric type [1] , allowing as in [9] the possibility of having clusters with 
countably many elements. We point that the context which is being handled here is more general than [9, 
§111.1], since we deal with the geometric skew-symmetrizable cluster algebras. 2-Calabi-Yau categories have 
proven to be very useful to construct new examples of cluster algebras and to give a new categorical model 
for cluster algebras. However most of development is done only for skew symmetric cluster algebras (the 
simply-laced ones), one can refer for example to [29, 30, 8, 31]. The only non simply-laced example that 
has been done is given in [12], where using folding and skew group algebras, the author generalizes to the 
non simply-laced case a result of [8] about the cluster structure of the coordinate ring of maximal unipotent 
subgroup of simple Lie groups. The approach developed here, based on Buan-Iyama-Reiten-Scott work [9], 
enables us to directly realize a large class of non simply-laced cluster algebras of geometric type as well as 
subcluster algebras. 
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Along the lines of [9, §111.1] and [1], we recall the definition of a cluster algebra, allowing countable 
cluster. Let m > n be non-zero positive integers or countable cardinal numbers. Let F = Q(ui, . . . , u m ) 
be the field of rational functions in m independent variables over the field Q of rational numbers. A seed 
in F is a pair (x, B), where x = {xi, . . . , x n , . . . , x m } = x U c is a transcendence basis of F formed by the 
union of two non-overlapping subsets x = . . . , xl} and c = {x n+1 , . . . , x m }, and B = (fry) is a locally 
finite m x n-matrix with integers elements such that its principal part given by the n x n-submatrix B 
consisting of the first n rows is skew symmetrizable in the sense that there exists a diagonal n x n-matrix 
n = (1, . . . ,n„) of non-zero positive integers such that bijiij = —bjiiii for all 1 < i,j < n. The subset x 
is then called the cluster for the seed, while c is the coefficient set. A cluster algebra (of geometric type) 
is a subalgebra A = A(S>) of F associated with a collection $ of seeds in F constructed in the following 
combinatorial way. For a seed (x, B) in F as above, and for any k G {1, ... , n}, a seed mutation in direction 
k produces a new seed ^ife(x, B) = (x',B'). Here x = (x^ {xj~}) U {x' k } with exchange relation 



x' k x k = n + n x, 

b ik >0 b ik <0 



-bik 



{xk,x' k } is then called an exchange pair. Let's define the common sign of each pair of integers a, b G Z by 
sign(a, b) — sign(sign(a) + sign(fr)) where sign(O) = 0, thus, if a, b > or a, b < then sign(a, b) — sign(a) = 
sign(6) 6 { — 1, +1}, otherwise sign(a, b) = 0. The matrix B' = (b^ j) is then given by the following mutation 
rule: 

-kj iffce{i,j} 
bij + sigD.(bik,bkj)bikbkj otherwise. 



It easily seen that the seed mutation is involutive and induces an equivalence relation on the set of all seeds 
in F. Then let $> be an equivalence class obtained from a fixed initial seed (x, B) by sequences of seed 
mutations, next choose a subset c C c and consider the inverted coefficient subset c" 1 = {c _1 : c G c }. 
The union X of clusters belonging to the seeds in $ is called the set of cluster variables for the cluster 
algebra A = A($), with coefficients c inverted, defined as the Z[c, C~ ^-subalgebra of F generated by X. 

Now let A be a cluster algebra in an ambient field F, with X as the set of cluster variables and with 
coefficient set c. Then a subcluster algebra A' of A is a cluster algebra such that there exists a seed (x, B) 
for A and a seed (x',B') for A' such that 

sclsl x' = x' U c' for some subsets x' = {x ai , . . . , x a } C x and c' = {x ap+1 , . . . , x aq } C c with 1 < p < n, 
1 < q < m and a : {1, . . . , q] c *{1, . . . , m} is an injective map taking each i to 

scls2 For each 1 < i < p, and for every 1 < s < m, if b aiS ^ then s — Uj is in the image of a for some 
(unique) j G {1, . . . , q} and b'^ = b G%a . . 

scls3 The invertible coefficients c£ C c' satisfy c flc'C cj,. 

Note that 2-acyclic valued quivers without loops correspond bijectively to skew symmetrizable matrices 
with integer coefficients, in such a way that valued quivers mutation and matrix mutation agree. Let Q be 
a 2-acyclic valued quiver without loops over a set of points I, the corresponding skew symmetrizable matrix 
{bij)i,j& may be defined such that for each pair i,j G I, the (only fully) valued edge a between i and j is 
given by a : j i \hA±\hAj^ with a oriented from i to j if sign(&jj) = +1, otherwise a is oriented from j to i. 
Now with 1 < n < m as above, assume I = {1, . . . ,m} and suppose Q is an extended valued quiver with 
respect to the subset K {1, . . . , n}, then we can associated as before an m x n-matrix to Q whose principal 
part is skew symmetrizable. 

For the rest of this section, let C be a 2-Calabi-Yau or a stably 2-Calabi-Yau category with a cluster 
structure determined by cluster tilting objects where coefficients are given by projective points. It is assumed 
that each cluster tilting object (cluster tilting subcategory) has n cluster variables and c coefficients, with 
1 < n < m < oo and < c < oo. For each cluster tilting object T, the valued quiver QEnd c (T) of 
the endomorphism algebra of T is viewed as an extended valued quiver with respect to projective points 
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(by dropping all valued arrows between projective points), the corresponding m x n-matrix is denoted by 

BEndc(T)- 

We recall from [9, §111.1] the following which is a generalization of cluster character in [32]. Let F = 
Q(iii, . . • , u m ), and A a connected component of the cluster tilting graph of C. A cluster map (respectively, 

strong cluster map) for A is a map cp : £ = add{T : T 6 A} »F (respectively, ip : C »F) which is 

invariant on each isoclass of objects in C and satisfies the following conditions. 

(clsml) For each cluster tilting object T in A, f(T) is a transcendence basis for F. 

(clsm2) For all indecomposable object M and N in £ (respectively, in C ) with dim^ Ext^ (M, N) = 1 = 
dim kjv Extc(M, N), we have (p(M)ip(N) = <p(U) + <p(U') where U and U' are the middle terms of the 
non-split triangles or pseudo-exact sequences N *U >M and M *U' >N. 

(clsm3) <p{X X') = <p(X)tp(X') for all X, X' in £ (respectively, C). 

Important examples of strong cluster maps appear in [29, 30, 8] and [33, 32]. We point out that the 
condition (clsm2) is a non-simply version of conditions (M2) — (M2') required in [9, §111.1], here for each pair 
of indecomposables objects M, N in C one should consider the dimensions of Ext c (M, N) over the division 
k-algebras k&f = EndM/radEndM and = EndiV/radEndiV instead of the base field k. 

Note that from Lemma 3.9 we can derive the following observation also whose proof may also be derived 
from [5]. 

Remark 6.1 ([5, Thm 7.5]). For any weak cluster structure without loop in C, a pair (M, TV) of indecom- 
posable objects in the cluster tilting graph of C is an exchange pair if and only if k&f = Ext^(M, N) = k^r. 

Note that if (M,N) is an exchange pair, the the conclusion " kjf = F,xk c (M, N) = kV may also be driven 
from Lemma 3.9 where we only assume that the pair of subcategories involved are rigid in some exact or 
triangulated KrullSchmodt category which need not be 2-Calabi-Yau. 

We then get the following theorem realizing skew symmetrizable cluster algebras of geometric type and 
whose proof, due to Buan-Iyama-Reiten-Scoot in the simply-laced case, relies totaly on the properties of 
cluster structures. 

Theorem 6.1 ([9] for the simply-laced case). Let ip : £ — add {T : T G A} >W be a cluster map 

with previous notations. Then the following statement are true. 

(a) Let A be the Z-subalgebra of F generated by all variables (p(X) with X £ £ . Then A is a cluster 
algebra and ip sends each cluster-tilting seed (r,Q Endc (y)) in A to a seed (t/?(T), B Endc (y)) in A. 

(b) Let B be a subcategory of C with a substructure, and £' a subcategory of B associated with a connected 
component of the cluster tilting graph ofB. Then the variables <p>(X) with X G £' generate a subcluster 
algebra of A. 

Proof. Statement (a) is a direct consequence of the fact that C has a (non-simply-laced version of) cluster 
structure, and cluster tilting mutation in C agree with seed mutation in F. Statement (b) follows from (a) 
together with the following argument. Let T' be a cluster tilting object in B that extends to a cluster tilting 
object T in £. Then tp(T') gives a transcendence basis for a subfield F' of F, and (ip(T'), B Endc ( T /)) is a 
seed in a subcluster algebra of A. □ 

Let ip : £ »F be a cluster map realizing a cluster algebra A as in Theorem 6.1, then any invertible 

set of coefficients c in A yields a cluster algebra A^" 1 ] called a model of the cluster map ip. 

Appendix A. Some concerns about non-simply laced preprojective algebras 

Appendix A.l. Some considerations about dualizing pairs of bimodules 

Let E and F be arbitrary division rings (which are not assumed to be k-algebras over some field k), in 
this case we do not require the symmetrizable condition for dualizing pairs of bimodules over E and F. Let 
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M be any E-F-bimodule, the left dual and the right dual of M are the F-E-bimodules given respectively 
by M := HoniE(M, E) and M R := Homp(M,F). If diniE(M) is finite, then for any vector spaces E X 
and eY, the functorial adjunction of the tensor product yields a natural isomorphism HomE(Af® F X, Y) = 

Hom F (A, L Af®E Y), taking each morphism u : M <E> X *Y to its (left) adjoint u : X >M ® Y defined 

as follows: if S = {mi, . . . , m p } is a left E-basis of M and {mi, . . . , rh p } is the corresponding dual basis for 

v ^ 

the left dual L M, then for every x £ X we have: tt(x) = "^fc ® (g) x). 

fe=i 

Similarly, if dim F (M) is finite, then for any vector spaces V F and Wp, under the functorial adjunction 
Homp(Vig>E M, W) = HomE(V, W®f M r ), the (right) adjoint of a morphism v :V ® M *W is the mor- 
phism v : V *W ® M E defined as follows: if {z\, . . . , z q } is a right F-basis of M and {zi, . . . , z q } is the 

~ q ^ 

corresponding dual basis for the right dual M E , then for every xeFwe have: v{x) = ^ u(x ® z s ) (g> z s . 

s=l 

Let {M, M*, b F , b F } be a dualizing pair of bimodules with associated non-degenerated bilinear forms 
M <g) M* — > E and M* ® M bp > F. Then the left and the right adjoints of these two non-degenerated 
bilinear forms are isomorphisms of bimodules: for example, the left adjoint and the right adjoint of 6e are the 
following isomorphisms: "b~E~ : M* — — — * L M : b E : M — =^(M*) E with b^(£) = b E (-®£) and ^e(^) = b E (x(8>-) 
for every £ £ M* and x £ M. Thus for each left E-basis S = {mi, . . . , m p } of M, the corresponding dual 
basis for M* is defined by S* = {m*, . . . , m*} such that &E(m^) = m&, so that under the left adjoint bE, S* 
corresponds to the dual basis {mi, . . . , fh p } of the left dual bimodule M; hence S* is characterized by the 
following property: b E (mfc <8> m*) = for all 1 < fc, Z < p. Similarly, for each right F-basis Z = {24, . . . , z q } 
of M, under the right adjoint bp : M* — >M E the dual basis Z = {z 1: . . . ,Zq] of the right dual M E of 
M corresponds to the dual basis Z* = {z*,. . . ,z*} of M* associated with Z and defined by the following 
characterization property: b F (z* ® z t ) = £ S) t for all 1 < s,t < q. 

Now suppose {iV, N*, b E , b F } is another dualizing pair of bimodules with non-degenerated bilinear forms 

N ® N* — ^-*E and N* ® JV — -^-»F. Thus given any morphism / : M >N of E-F-bimodules and con- 
sidering the morphisms (- o /) := Hom E (/,E) : W >-M and (- o /) := Hom F (/,F) : iV E *M R , we can 

form the left dual and the right dual of / (with respect to the two dualizing pairs above), they are morphisms 
of bimodules L /, f R : N* >M* given as follows: 

L / := (^e) -1 ° (- o /) ° & E and f ■= (M^ 1 (" /) b F, equivalently, 
&e(-® l /(-)) = I>e(/(-)®-) and b F (/ E (-)®-) = b F (-® /(-)). 

We note that the left and the right dual of a morphism as above need not coincide, unless we impose additional 
assumption on dualizing pairs of bimodules, which for some practical computations could simplifies the use 

of modulated quivers, see Appendix A. 1.2. We may then say that a morphism / : M *-N, as above, 

induces a morphism of dualizing pair of bimodules (or is a dualizing morphism) if the left dual of / coincides 

with the right dual of /, in this case their common value is denoted by /* : N* >M* . 

When no precision is needed, we sometimes omit to specify the non-degenerated bilinear forms b asso- 
ciated with our dualizing pairs of bimodules, and in this case, using only one symbol "{ >" we write (u <g> v) 
for b(u ® v). 

Next, we can form products of dualizing pairs of bimodules to obtain dualizing pairs of bimodules: 
let L be another division ring and suppose {Mi,M*} and {il^-MJ} are two dualizing pairs of bimod- 
ules (in which the non-degenerated bilinear forms are omitted and will represented by the same symbol 
"(>"), with Mi G E bimod L , M 2 £ L bimod F , then their product defined by {Ml, M*} ® {M 2 ,M£} = 
{Mi ®l M2, M 2 (g>L M*} is again a dualizing pair of bimodules where the associated non-degenerated bilin- 
ear forms Mi ® L M 2 ® F M^ ® L Mf ^ > E and M^ ® L M{ ® E Mi ® L M 2 ^ > F are canonically induced 
such that for every Xi £ Mi and u, £ M* with i = 1,2, we have: 

((xi ® x 2 ) ® (u 2 ® Ui)> = (Xi-(a:2 ® w 2> ® and ((u 2 ® «i) ® (»i ® 2^2)) = <^ 2 -(ui ® sci) ® x 2 >. 

We now observe that each division ring E yields a canonical dualizing pair of E-bimodules {E, E} with 
non-degenerated bilinear forms given by the ordinary multiplication of E. Moreover, any dualizing pair of 
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bimodules {M, M* , b E , bp}, with M £ Ebimodjr, induces in a canonical way two dualizing pairs of bimodules 
{M ® M*, M ® M*} and {M* ® M, M* ® M} in which M®M* and M*®M are self-dual bimodules. With 
previous notations and with respect to the dualizing pairs of bimodules induced by the self-dual bimodules 
E, F, M <g> M* and M* (g) M, let's point out the following observation. 

Appendix A. 1.1. The two non-degenerated bilinear forms M ® M* — ^h-E and M* (g) Af — ^->-F are du- 
alizing: the left dual and the right dual of each of them coincide. Thus the dual morphism E — — — *M <g M* 
of b E is the common value of its left and its right dual, b E takes the identity element of E to what we call the 
central element ^ y ® y* of the self-dual bimodule M ® M* (with respect to b E and bp) given by choosing 

any pair {Y, Y*} of two mutually dual basis where Y is a right F-basis of M and Y* = {y* : y £ Y} is the 
corresponding dual basis for M* . 

Similarly, the dual morphism F — ?—>M * <E> M of b F takes the identity element of F to the central element 
Y^, x* <g> x of the self-dual bimodule M* (g> M where X is a left E-basis for M and X* is the corresponding 

dual basis for M*. 

Appendix A. 1.2. The canonical morphisms b E and b F above inspired us to introduce ([13]) the notion 
of potential for k-modulated quivers Q (with symmetrizable dualizing pairs of modules for a commutative 
base field k). The symmetrizable condition states that the non-degenerated bilinear forms associated with 
Q are chosen to be canonically induced by choosing a fixed family (ti)igi of non-degenerated so-called trace 
forms tj £ Homi ? (k i ,k) for the division k-algebras kj, i £ I. Without such a symmetrizable condition some 
necessary computations inside the path algebras of the modulated quiver will fail. 

Appendix A. 2. The preprojective algebra of a modulated graph 

Keeping the notations of previous subsection, we now recall the definition of the preprojective algebra 
associated with a modulated graph along the lines of Dlab-Ringel [34]. Let (r,97t) be a modulated graph 
over a set of points Tq := I (and having a "normal form" and no loop): between two distinct points i and 
j in I there is only one valued (may be zero- valued) edge, the modulation 9JI prescribes for each point i e I 
a division ring kj, and for each edge with endpoints i and j a dualizing pair of bimodules {iBj,jBi, ,bj, jbj} 

with iBj^^Bi — 3 >k i and jB^^iBj — 3 ' >k j, so that the unique fully valued edge of T representing the 

set Ti(i, j) = Ti(j, i) may be pictured as follows: kj * Bj ,iB% k j, we usually write jBi = iB* and iBj = jB*. 

Then consider the semisimple ring K = f[ kj in which each division ring kj is viewed as a subring of K 

iei 

with unit e*, so that the unit of K is given by 1 = J^ei while the set {ej : i £ 1} is a system of primitive 

i£I 

orthogonal idempotents for K. Next consider the K-bimodule Br = © iBj associated with the modulated 
graph r, together with the tensor N-graded path algebra T(r) := Ti<(-E>r) = © T(r) m where T(r) m = B^ 

m>0 

is the TO-fold tensor product of the K-bimodule By (called the K-bimodule of length-m paths in T(r)), with 
T(r) = K, T(r)i = B T and T(r) m+i = B^ m) (8i K B r for all m > 1. Now let b* := © l b* : K »B T <g> B r 

4,361 

be the morphism of K-bimodules induced by the canonical morphisms jb* : kj ^Bj ® jBi = iBj (g> iB* 

associated to the non-degenerated bilinear forms jbj : iBj^.jBi *kj. Then b* may be identified with 

the corresponding K-central element b*(l) in By <8> Br C T(r) which is homogeneous of degree 2. 

Appendix A. 2.1. The preprojective algebra associated with T is the quadratic algebra defined as the 
factor algebra A = Ar := T(r)/(b*) where (b*) := (b*(l)) is the principal ideal of T(T) generated by the 
homogeneous element b*(l) of degree 2. 

We note the following observation. We may prescribe an orientation for T to obtain a modulated quiver 

Q = (Q,9Jl): thus for each non-zero valued edge a : i * 3 ' 3 * j we write i -< j (or sign(i, j) = +1) to indicate 
that in Q, a is oriented from i to j, of course when r 1 (i,j) = we write sign(i,j) = = sign(j, i). Now 
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the arrow K-bimodule of Q is B = ffi iBj, we then call the K-bimodule B* := © jBi = © iB* 

the dual of i?, £?* is indeed the arrow bimodule of the dual modulated quiver Q* of Q, over the same set 
I with the same modulation, but the underlying valued quiver of Q* is the opposite Q° of the underlying 
valued quiver of Q. Now the (tensor) path algebra of Q is the N-graded algebra T(Q) = Tk(-B)- Then since 
B © B* = ffi iBj = Br, we see that the preprojective algebra of T (also called the preprojective algebra 

of Q) is given by Ar = T(Q ® Q*)j(b*), thus the preprojective algebra of a modulated quiver is just the 
preprojective algebra of the underlying modulated graph and does not depend on the orientation. 

As mentioned in section 4, for a simply-laced Dynkin graph A, by Keller's approach [7, §8.4], the category 
of projective modules over the preprojective algebra Aa is 1-Calabi-Yau, so that the stable category mod A a 
is 2-Calabi-Yau [7, §8.5]; the latter conclusion could already be derived from the work of Auslander-Reiten 
[24, Propositions 3.1 and 1.2] where they used functors categories and a concept of dualizing i?-variety, or 
from the work of Brenner-Butler-King [35, Thm 4.8,4.9] were one can find a proof that the simply-laced 
preprojective algebra Aa is indeed self-injective. Also in [8, 36] Geiss-Leclerc-Schroer gave a detailed proof 
for the 2-Calabi-Yau property of mod Aa and of the fact that the category modAA has cluster tilting 
subcategories having neither loops nor 2-cycles (so that modAA has a cluster structure given by cluster 
tilting subcategories). 

One therefore notices that simply- laced preprojective algebras are widely studied by many authors and 
have proven to be very useful for example in the cluster theory. In [12] the author generalizes some results 
of [8] to non simply-laced preprojective algebras obtained as skew group algebras of the preprojective al- 
gebras associated with the simply laced Dynkin graphs (A,D,E). On the other hand it seems that very 
few information is known about the representation theory of preprojective algebras of (non-simply laced) 
modulated graphs; until now what is really known about these algebras is given by the introductory work 
of Dlab-Ringel in [16] (1980), their main result can be stated as follows: for any modulated quiver Q with 
underlying modulated graph T, T(Q) is a subalgebra of the preprojective algebra A = Ar of T and, as a 
(right or left) T(Q)-module, A is the direct sum of all indecomposable preprojective T(Q)-modules (each 
one occurring with multiplicity one). From this result it follows that A is artinian as a ring if and only if 
the modulated graph T is a disjoint union of Dynkin modulated graphs. 

Suppose r is now a k-modulated graph of type B„,C„,F4 or G3, for an arbitrary (necessary non alge- 
braically closed) commutative field k acting centrally on bimodules in T (with each division ring in T being 
now a finite-dimensional k-algebra). For the non simply-laced preprojective algebra A associated the Dynkin 
k-modulated graph T, it would be interesting to have a clear answer for the following elementary questions: 

Question 1. (1) Is the category projAr of finite-dimensional A-modules still equivalent to D b (A)/r (as in 
[7, §8.4] for the simply laced case)? Here D b (A) is the bounded derived category of finite-dimensional 
A-modules. 

(1') Is A still self-injective (as in [35, Thm 4.8,4.9] for the simply laced case)? 

Once it is clear that previous questions yield a positive answer, using may be Keller's approach (or reworking 
Geiss-Leclerc-Shroer approach which gives a detailed proof of 2-Calabi-Yau property of mod Aa), it would 
follows immediately (by [7, §8.5]) that mod A is stably 2-Calabi-Yau having cluster structure if in addition 
A has finite global dimension [9, Prop 1. 1.11]. 

Let us also point out that in [9, II], Buan Iyama Reiten and Scott also study simply- laced preprojective 
algebras associated with non Dynkin quivers with the focus on the existence of cluster structures and 
substructures. 
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